We designed a high-resolution compact spectrometer based on an evanescently coupled multimode spiral waveguide. Interference between the modes in the waveguide forms a wavelength-dependent speckle pattern, which is used as a fingerprint to identify the input wavelength after calibration. Evanescent coupling between neighboring arms of the spiral results in a non-resonant broadband enhancement of the spectral resolution. Experimentally, we demonstrated a resolution of 0.01 nm at a wavelength of 1520 nm using a 250 μm radius spiral structure. Spectra containing 40 independent spectral channels are recovered simultaneously, and the operation bandwidth is significantly increased by applying compressive sensing to sparse spectra reconstruction. The ability to achieve such high resolution with low loss in a compact footprint is expected to have a significant impact on low-cost portable sensing and to add functionality to lab-on-a-chip systems.
INTRODUCTION
In recent years, there have been rapid advances in miniaturizing spectrometers for low-cost, portable sensing applications. However, the miniaturization is often at the cost of resolving power. For example, chip-scale spectrometers based on diffractive gratings-following the same general design as bulk optics spectrometers-provide only modest spectral resolution (∼0.1 nm), despite a relatively large footprint (∼cm) [1, 2] . As a result, a number of alternative designs for on-chip spectrometers have been developed, e.g., based on waveguide arrays [3] [4] [5] [6] , digital planar holography [7] [8] [9] , dispersive photonic crystals [10, 11] , and microor nanoresonators [12] [13] [14] [15] [16] [17] [18] . All these designs rely on the conventional one-to-one spectral-to-spatial mapping, which is necessary for a wavelength demultiplexer but not a spectrometer. Complex spectral to spatial mapping has been explored with disordered photonic crystals, thin scattering media, random polychromat, etc., for spectrometer applications [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] . The disorder-induced scattering of light produces wavelength-dependent speckle patterns, which can be used as fingerprints to identify unknown spectra. We recently utilized multiple scatterings of light in a random photonic chip to obtain sub-nanometer (0.75 nm) resolution (at a wavelength of 1500 nm) with a very small (25 μm radius) footprint [22] . In contrast to single scattering or diffraction from a thin disordered material that gives a linear scaling of spectral resolution with dimension L, the multiple scattering in a lossless diffusive medium makes the scaling quadratic; thus, the resolution increases more rapidly with L. However, the out-of-plane scattering loss prohibits further improvement of resolution by increasing the size of a disordered chip. Nonetheless, this general approach of using wavelength-dependent speckle patterns to build a spectrometer enabled both low loss and high resolution using a multimode fiber in which the speckle patterns are formed by modal interference [29] [30] [31] [32] . In the fiber spectrometer, the spectral resolution increases with the fiber length, enabling 1 pm resolution in a 100 m long fiber [32] .
A straightforward on-chip implementation of the fiber spectrometer could be achieved by fabricating a long multimode waveguide. For a realistic chip size, the resolution of a straight waveguide is rather limited; however, the waveguide may be coiled in a spiral geometry to provide a long length in a small footprint [33] [34] [35] [36] [37] [38] [39] [40] . Such spiral waveguides have been used for sensing [33, 34, 36] , as delay lines [41] , as optical comb filters [35] , for supercontinuum generation [42] , and for frequency stabilization [43] . Evanescent coupling between neighboring arms of the spiral was introduced to create slow-light resonances, for applications such as a coupled resonant optical waveguide (CROW) [37] and an optical gyroscope [38] . However, most spiral-based devices operate in a single waveguide mode, which does not generate wavelength-sensitive speckle patterns and thus could not function as a spectrometer. A Fourier-transform spectrometer based on a single-mode waveguide coiled in a spiral geometry has been demonstrated recently, but it requires an array of spiral waveguides of varying lengths, which increases the footprint drastically and does not utilize evanescent coupling between adjacent waveguides in each spiral [44] .
Here, we demonstrate a chip-scale high-resolution spectrometer based on a highly multimode waveguide coiled in a spiral geometry. Interference between the waveguide modes forms a wavelength-dependent speckle pattern, which is used as a fingerprint to identify the input wavelength. The spectral resolution is greatly enhanced by introducing evanescent coupling between neighboring waveguide arms, and the enhancement is nonresonant and thus broadband. Experimentally, we show that a spiral spectrometer with a 250 μm radius can resolve two spectral lines separated by 0.01 nm in a wavelength at 1520 nm. To increase the spectral bandwidth, we adopt the compressive sensing algorithm to reconstruct sparse spectra. Thanks to the complex spectral-to-spatial mapping, each spectral channel is projected to all spatial channels, making it possible to recover many frequencies with a small number of detectors.
EVANESCENTLY COUPLED SPIRAL WAVEGUIDE
The resolution of a spectrometer is dictated by the temporal spread that light experiences when propagating through the dispersive medium-in our case, the multimode spiral waveguide. It is important to note that it is the temporal spread, or equivalently, the distribution of the optical path-lengths, that sets the spectrometer resolution. A long single-mode waveguide would not provide any spectral diversity for the output intensity, since all of the light travels the same distance and merely acquires a phase delay. In a multimode waveguide (as in a multimode fiber), the interference of optical paths with different lengths or phase delays produces an output intensity pattern that is wavelength sensitive. The sensitivity is proportional to the spread of the path lengths, which is characterized by the difference between the shortest and longest optical paths through the waveguide. This difference is equal to the product of the physical length of the waveguide and the difference in propagation constants between the fundamental mode and the highest-order mode [30] . While increasing the length of a multimode fiber enabled us to achieve ultrafine resolution, the physical length of a multimode waveguide on-chip is limited, even when coiled tightly in a spiral geometry.
By introducing evanescent coupling between neighboring waveguides in the spiral, we could dramatically increase the spread of the optical path lengths. For example, in an Archimedeanshaped spiral [left schematic in Fig. 1(a) ], light is launched into the outer arm and propagates inward to the center. If the adjacent arms are in sufficient proximity, light is evanescently coupled between arms. When light is coupled to the inner arm, the path to the center of the spiral, where the output port is located, is shortened. Alternatively, light may be coupled to the outer arm, which lengthens the path. Hence, the actual path length can be much shorter or longer than the physical length of the waveguide. In other words, the evanescent coupling enables light to "jump" forward or backward along the path and significantly increases the temporal spread of light.
To further enhance the temporal spread, we considered two interleaved Archimedean spirals, which are connected at the center by an "S-bend" waveguide [right schematic in Fig. 1(a) ]. Light from the input port propagates inward through one spiral (red colored) and then outward through the other spiral (blue colored) to the output port. Note that light in adjacent arms propagates in the opposite direction. When light is coupled to an adjacent arm, it will propagate toward the input port. A subsequent coupling will result in propagation toward the output port again. Such back-and-forth coupling will greatly shorten or lengthen the optical path length, thus increasing the temporal spread of light. Consequently, the spectral resolution will be drastically enhanced.
To verify that evanescent coupling enhances the spectral resolution, we performed numerical simulations of the interleaved Archimedean spirals. The local radius of curvature, R, is defined as a function of the azimuthal angle θ as Rθ R 0 − aθ∕π, where R 0 denotes the radius of the spiral, a is the center-to-center arm spacing (the sum of the waveguide width and the coupling gap) [33] [34] [35] 39, 40] , and θ increases from 0 to θ 0 . The number of spiral arms is given by θ 0 . The evanescent coupling is introduced to modes in neighboring waveguides that have the same order and the same propagation direction. The higher-order modes experience stronger evanescent coupling than the lower-order modes. The coupling rate is calculated by the finite-difference frequencydomain method (COMSOL) (see details in Supplement 1).
To model light propagation in the spiral waveguide, we adopted the method in Refs. [36] [37] [38] (see details in Supplement 1). The waveguide is 2 μm wide and supports six guided modes in the wavelength range of 1500-1520 nm. The refractive index inside the waveguide is equal to 2.86 and outside to 2. These values correspond to the effective indices inside and outside a silicon ridge waveguide on the silica substrate used in our experiment (to be described later). The outer radius of the spiral is set to R 0 106 μm, and the total length of the waveguide is L 4.8 mm.
The input light excites all the waveguide modes with the same amplitude and random phase. We numerically solved light propagation in each mode of the spiral waveguide. The output field pattern is then obtained by summing the fields of all modes at the output port. By repeating the calculation at different wavelengths, we construct a transfer matrix that records the output intensity pattern as a function of the input wavelength.
In the spiral structure, the curving of the waveguide introduces mixing of guided modes. Also, the sidewall roughness of the fabricated waveguide causes random mode mixing. Such mixing is usually detrimental to spectrometer operation, as it suppresses the temporal spread of light [45] and reduces the spectral resolution [32] . In a multimode fiber with strong mode mixing, the spectral resolution scales as ffiffiffi L p instead of L, where L is the length of the fiber. We simulated mode mixing in the spiral waveguide using a random matrix approach, where the rate of mode mixing scales inversely with the local radius of curvature (see details in Supplement 1).
To separate the effects of mode mixing and evanescent coupling, we considered four cases that are shown in Fig. 1(b) . The panel (i) is the transfer matrix in the absence of both mode mixing and evanescent coupling in a spiral waveguide. Each column represents the intensity pattern at the output port for light of wavelength λ, Ix; λ, where x is the spatial coordinate on the waveguide cross-section at the output port. We compute the spectral correlation function CΔλ hhIx; λI x; λ Δλi λ ∕ hI x; λi λ hI x; λ Δλi λ − 1i x , which is plotted by the dashed line in Fig. 1(c) . The spectral correlation width δλ, i.e., the half-width at half-maximum (HWHM) of CΔλ, is 0.4 nm. This value provides an estimate of the spectral resolution, as a noticeable change in the intensity pattern is needed to distinguish between two wavelengths.
With evanescent coupling introduced to the spiral waveguide (no mode mixing), the output intensity pattern varies more rapidly with the wavelength [panel (ii) of Fig. 1(c) ]. The spectral correlation function is narrowed to an HWHM of 0.3 nm [dotted line in Fig. 1(c) ], confirming that evanescent coupling improves the spectral resolution. Next, we introduce mode mixing but neglect evanescent coupling. The output intensity pattern changes much more slowly with the wavelength than in the previous two cases [panel (iii) in Fig. 1(b) ]. The spectral correlation width δλ increases to 0.9 nm [dashed-dotted line in Fig. 1(c) ], confirming that mode mixing decreases the spectral resolution. Finally, we include both evanescent coupling and mode mixing. The intensity pattern changes very quickly with wavelength [panel (iv) in Fig. 1(c) ]; in fact, the change is faster than the case with evanescent coupling but no mode mixing. This observation is confirmed by the spectral correlation function shown by the solid line in Fig. 1(c) , which features the narrowest width of 0.17 nm.
In contrast to its detrimental effect mentioned earlier, the mode mixing in the spiral waveguide improves the spectral resolution by enhancing the evanescent coupling for the lower-order modes. Although the evanescent coupling is weaker for the lowerorder modes, the mode mixing can indirectly enhance the coupling by converting them to the higher-order modes (with stronger evanescent coupling) and then back. Therefore, the synergy between mode mixing and evanescent coupling leads to a significant enhancement of the spectral resolution.
We also investigated the scaling of the spectral resolution with the outer leads radius R 0 of the spiral. As detailed in Supplement 1, when the number of spiral arms is fixed, the spectral correlation width δλ scales as 1∕R 2 0 in the presence of mode mixing and evanescent coupling. This is in sharp contrast to the 1∕R 0 scaling when mode mixing and evanescent coupling are absent. Since the overall length L of the spiral waveguide increases linearly with R 0 , the combination of evanescent coupling and mode mixing results in a quadratic growth of the temporal spread and the spectral resolution with L. Figure 2 (a) is a conceptual schematic of a spiral spectrometer with integrated detectors on a silicon-on-insulator wafer. Light is coupled to the input waveguide from the edge of the chip via a lensed fiber. After propagating through the spiral, the output beam expands laterally in a tapered region before reaching the detector array. The lateral expansion increases the speckle size so that individual speckle grains can be resolved by the detectors.
SPECTROMETER OPERATION
Experimentally, we fabricated a series of multimode spiral waveguides via e-beam lithography and reactive ion etching [ Fig. 2(b) ]. The 220 nm thick silicon layer was fully etched to create an air gap between adjacent spiral arms. The air gap width was varied from 1 to 50 nm [Figs. 2(c) and 2(d) ]. The outer radius of the spiral is R 0 250 μm, and the overall length of the waveguide is about 18 mm. In the initial prototype, we avoided the complication of integrating detectors on the silicon chip by scattering light out of the plane from the end facet of the tapered region. This allowed us to image the in-plane speckle pattern from the top using a 100 × long working distance objective (numerical aperture NA 0.65) and an InGaAs camera (Xenics Xeva-640, 640 × 480 pixels of 28 × 28 μm ). The length of the tapered region was set to ∼60 μm to reduce the in-plane reflection from the groove to the spiral waveguide, while increasing the speckle size to match the resolution of our imaging system (∼1.5 μm).
In order to use the spiral waveguide as a spectrometer, we measured the output speckle pattern as a function of input wavelength [ Fig. 3(a) ]. This calibration is stored in a transfer matrix, T , relating the discretized spectral channels of input, S, to the spatial intensity distribution at the output, I, as I T · S [30] . An example transfer matrix is presented in Fig. 3(b) for a spiral structure with 50 nm gap. The wavelength ranges from 1520 to 1522 nm with a step size of 2 pm.
From the measured transfer matrix, we calculated the spectral correlation function plotted in Fig. 3(c) . The spiral waveguide with a 1 μm gap experiences negligible evanescent coupling, and the spectral correlation width δλ is 0.07 nm. As the gap narrows down to 100 nm, the evanescent coupling becomes significant, and δλ decreases to 0.02 nm. A further reduction of the gap width to 50 nm further enhances the evanescent coupling, and δλ drops to 0.01 nm.
While the spectral correlation width provides an estimate for the spectral resolution, the actual resolution is determined by the ability to distinguish two closely spaced spectral lines. We synthesized the output intensity pattern for an input spectrum by adding the speckle patterns measured sequentially at individual wavelengths, since optical signals at different wavelengths do not interfere. The spectrum S was then reconstructed from the speckle pattern I via non-linear minimization of ‖I − T · S‖ 2 P j jI j − P i T j;i S i j 2 [22, 29, 30] . The recovered spectrum in Fig. 3(d) shows that two lines separated by 0.01 nm in wavelength can be resolved by the spiral spectrometer with 50 nm wide gap. Next, we investigated the continuous bandwidth of the spiral spectrometer. Without prior information about the input spectrum, the number of independent spectral channels (producing uncorrelated speckle patterns) that can be reconstructed simultaneously is limited by the number of independent spatial channels M in a speckle pattern I x; λ. To determine M , we applied the Karhunen-Loève decomposition [46, 47] to the experimentally measured speckle pattern I x; λ. We built the spatial covariance matrix Cx 1 ; x 2 hI x 1 ; λI I x 2 ; λi λ and computed its eigenvalues. As shown in Fig. 4(a) , the kink in the semi-log plot of the eigenvalues gives the number of orthogonal spatial modes, M 40. The continuous bandwidth of the spiral spectrometer is M × δλ, where the spectral width of each independent spectral channel is given by the spectral correlation width δλ. For the waveguide with a 1 μm gap, the bandwidth is 2.8 nm; for the 50 nm gap, the bandwidth decreases to 0.4 nm. This reduction reflects the trade-off between spectral resolution and bandwidth. Figure 4 (b) shows two continuous spectra over 0.4 nm bandwidth measured using the 50 nm gap spiral spectrometer. The two spectra have the same shape but different magnitudes. After rescaling one of them, the two spectra overlap, which confirms the linearity of the spectral measurement. In Supplement 1, we show that the measured speckle intensity grows linearly with the input light intensity.
To enhance the operation bandwidth, we explored compressive sensing (CS) for spectrum recovery. The complex interference in the evanescently coupled highly multimode spiral waveguide produces diverse spectral features which are ideally suited for compressive sensing [48] . So far, CS has not been applied to on-chip spectrometers, despite a recent proposal of using hundreds of different photonic nanostructures as random masks for CS spectroscopy [49] . In our scheme, only one structure is used together with multiple detectors to obtain random projections in a single-shot measurement, which is more suitable for on-chip spectrometers.
First, let us consider a sparse spectrum that consists of discrete lines. Since only a small number of spectral channels carry signals, the total number of independent spectral channels that can be reconstructed simultaneously may well exceed the number of spatial channels. To reconstruct the sparse spectrum, we minimized ‖I − T · S‖ 2 γjSj, where jSj P i jS i j, and γ is a parameter. The additional term γjSj regularizes the sparsity of the solution [50] . The value of γ is estimated from a cross-validation analysis [51] , then fine-tuned by minimizing the difference between the reconstructed spectrum and the original spectrum [52] . Figure 4 (c) shows a sparse spectrum that has 8 discrete lines distributed across 166 spectral channels, covering a wavelength range of 1 nm. A further increase in the sparsity enhances the bandwidth even more. As shown in Fig. 4(d) , with only four spectral lines, 332 channels can be covered in a bandwidth of 2 nm. A more quantitative analysis of the number of lines that can be reconstructed and the effect of noise on the reconstruction accuracy are presented in the Supplement 1.
Next, we apply the CS method to recover the "dense" spectrum that contains non-zero amplitude in every spectral channel. Such a spectrum can be reconstructed by imposing the sparsity constraint in the appropriate basis. For example, a discrete cosine transform (DCT) of a smooth spectrum gives a limited number of low-frequency components. Therefore, we can reconstruct the continuous spectrum in the DCT domain, which becomes sparse [52] . Figures 4(e) and 4(f ) shows two continuous spectra with different numbers of DCT components. A broader spectral range can be covered for fewer DCT components.
Furthermore, if the spectrum contains both sharp and smooth features, we can split the spectrum into two parts for reconstruction: one is sparse in the wavelength domain, and the other is sparse in the DCT domain [52] . In this way, we recover a spectrum that contains two sharp lines of different amplitudes on top of a broad peak in Fig. 4(g) . The bandwidth is determined by the number of discrete lines and DCT components in the spectrum. Figure 4 (h) shows a spectrum that has a narrow dip on a smooth broadband background and is recovered with high fidelity.
DISCUSSION AND CONCLUSION
In summary, we have designed and fabricated a high-resolution chip-scale spectrometer based on an evanescently coupled multimode spiral waveguide. Non-resonant, broadband enhancement of spectral resolution is achieved via evanescent coupling and mode mixing. Experimentally, we obtained a wavelength resolution of 0.01 nm at 1520 nm with a 250 μm radius spiral spectrometer based on a 10 μm wide silicon waveguide. Signals in 40 independent spectral channels are recovered simultaneously. We also showed that the operation bandwidth is significantly enhanced by using a compressive sensing algorithm to reconstruct sparse spectra.
A further increase of the bandwidth may be realized by increasing the waveguide width to accommodate more guided modes and thus allow simultaneous measurement of more independent spatial channels. However, for a given footprint, increasing the waveguide width will reduce the total length of the spiral waveguide and lower the spectral resolution, which represents a trade-off between bandwidth and resolution. In this initial demonstration, we aimed for high resolution in a small footprint while compromising on bandwidth, but this trade-off may be adjusted for specific applications in the future. Despite its finite bandwidth, the spiral spectrometer can operate at any wavelength within the wide transparency window of silicon and silica, as long as the speckle patterns for these wavelengths are calibrated. In addition to providing high spectral resolution in a compact footprint, the spiral spectrometer is expected to have low loss. For example, silicon-based spiral waveguides have been realized with propagation loss of 3.6 dB/cm [53] .
A final advantage of the spiral spectrometer is its robustness against fabrication imperfections. Although the spiral structure includes relatively small features (e.g., the air gap between the waveguides), modest variations from the design parameters would not significantly degrade the performance, as the spectrometer is calibrated after fabrication. Similar to most integrated photonic devices, the spiral spectrometer is sensitive to temperature change, which could alter the speckle pattern formed at a given wavelength. We performed numerical simulation to investigate the temperature sensitivity of the spiral spectrometer, which is detailed in Supplement 1. The temperature sensitivity depends on the spectral resolution: the higher the resolution, the more sensitive the speckle pattern is to the temperature. For the spectrometer shown here with 0.01 nm resolution, a temperature change of 0.16 K causes a 50% decorrelation of the speckle pattern. Existing temperature controllers can provide sufficient thermal control and temperature stability for the spiral spectrometer to operate without recalibration. Alternately, multiple transfer matrices could be calibrated at varying temperatures, and the appropriate transfer matrix could then be selected to match the current chip temperature. Once photodetectors are integrated on-chip [54] , the spiral spectrometer is expected to have a significant impact on low-cost portable sensing and to add functionality to lab-on-a-chip systems. 
